Abstract. In this article we prove new results on projective normality and normal presentation of adjunction bundle associated to an ample and globally generated line bundle on higher dimensional smooth projective varieties with nef canonical bundle. As one of the consequences of the main theorem, we give bounds on very ampleness and projective normality of pluricanonical linear systems on varieties of general type in dimensions three, four and five. These improve known such results.
Introduction
Equations defining the embedding of a projective variety is a topic of great interest. The study of projective normality and normal presentation dates back to the time of Italian geometers. Castelnuovo first showed that a line bundle of degree greater than 2g on a curve of genus g has a normal homogeneous coordinate ring and if the degree is greater than 2g + 1 then the ideal of the curve is generated by quadrics. Fujita, St. Donat and Mumford, among many others, rediscovered these results years later. Mumford and his school of mathematicians carried on the study of these properties on an abelian variety of aribitrary dimension. In early 80s, Green and Lazarsfeld showed that the results of these nature are special cases of a general N p property (see [14] , [15] and [16] ) for curves.
We start with the definition of projective normality, normal presentation and the property N p .
Definition 0.1. Let L be a very ample line bundle on a variety X. Let the following be the minimal graded free resolution of the coordinate ring R of the embedding of X induced by the complete linear system |L|

0
F n F n−1 ... Mark Green proved that a line bundle of degree ≥ 2g + 1 + p on a smooth curve of genus g satisfies the property N p . One of the most interesting questions on surfaces concerning the N p property that has motivated lot of work is Mukai's Conjecture : For an ample line bundle A on a smooth projective surface S , K S + lA will satisfy the N p property if l ≥ p + 4 (K S is the canonical bundle on S ). This can be thought of as an analogue of Green's result on curves for surfaces.
Mukai's conjecture can be generalized as follows: For a smooth projective variety of dimension n and an ample line bundle A, K X + lA satisfies the property N p for l ≥ n + p + 2. Progress in this direction with A just ample seems to be out of reach at this moment. A natural question to ask is what happens to the above conjecture if A is taken to be ample and base point free instead. It is a standard argument that if A is taken to be ample and base point free then Fujita's conjecture follows in its full generality by using induction and using known results for curves. Syzygies of adjunction bundles with A ample and base point free was studied in quite some details on surfaces in a series of papers written by Gallego and Purnaprajna (see [9] ,..., [13] ). In this paper we prove new results on the properties N 0 and N 1 of the adjunction bundle K + lB with B ample and base point free on arbitrary dimensional smooth projective varieties with nef canonical bundle by imposing mild conditions on the line bundle B apart from the ones mentioned above. These are analogues for results known for surfaces. Our main result regarding projective normality is the following: 
Sharpness of our conditions:
To discuss the sharpness of our conditions we produce two sets of examples.
In Example 2.5 we produce examples of smooth projective varieties in all dimensions satisfying all conditions of Theorem 2.3 excepting h 0 (B) ≥ n + 2 and show that K + nB is not projectively normal, where n is the dimension of the variety, thereby emphasizing the sharpness of the condition in the theorem.
In Example 2.6 we produce examples of smooth projective varieties in all dimensions that satisfy all conditions in Corollary 2.4 excepting the fact that B − K is nef, non-zero and effective and show that K + nB is not projectively normal, where n is the dimension of the variety, thereby showing that the condition is essential.
Our result regarding normal presentation is the following: Once we have these theorems, we can start looking for results using only an ample bundle if we know what multiple of that bundle is globally generated. Here solution to Fujita's freeness Conjecture comes to play an important role.
The geometry of pluricanonical maps is of great importance in projective algebraic geometry. It was extensively studied by Bomberi, Catanese, Ciliberto, Kodaira (see [2] , [4] , [5] , [22] ). Ciliberto showed that for minimal surfaces of general type nK is projectively normal for n ≥ 5 (see [6] ). B.P Purnaprajna produces very precise and optimal bounds for normal generation and normal presentation and higher syzygies of pluricanonical series on surfaces of general type with ample canonical bundle (see [31] ).
In this paper we obtain effective results on projective normality and normal presentation of pluricanonical series on smooth threefolds, fourfolds and fivefolds with ample canonical bundle. The following corollary the the summary of As far as we know this corollary has new bounds on very ampleness, projective normality and normal presentation of pluricanonical systems on threefolds, fourfolds and fivefolds.
The standard arguments using Castelnuovo-Mumford regularity yields very weak results for example for a smooth projective threefold with ample canonical bundle we have that nK satisfy projective normality and normal presentation for n ≥ 14 and n ≥ 16 respectively. So we need more subtle methods. We build on the methods of (see [31] ) and use newer ideas, one such is to use Skoda complex.
In the last section we generalize our results to projective varieties with Du-Bois singularites and hence derive some effective results on projective normality and normal presentation of pluricanonical series on projective threefolds with Q-factorial terminal Gorenstein singularities or with Canonical Gorenstein singularities.
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Preliminaries and Notations
Throughout this paper, we will always work on a projective variety X over an algebraically closed field of characteristic zero. K or K X will denote its canonical bundle. We will use the multiplicative and the additive notation of line bundles interchangeably. Thus, for a line bundle L, L ⊗r and rL are the same. We have used the notation L −r for (L * ) ⊗r . We will use L r to denote the intersection product. The sign "≡" will be used for numerical equivalence.
Let X be a smooth, projective variety and let L be a globally generated line bundle on X. We define the bundle M L as follows.
If L is an ample and globally generated line bundle on X one has the following characterization of the property N p . Since we are working over a field with characteristic zero,
(see [8] , Lemma 1.6). Consequently, to show that a line bundle L satisfies the property N p , we will show that
The following observation has been used often in the works of Gallego and Purnaprajna (see for instance [13] 
and the following maps
If α 1 , α 2 ,..., α r are surjective then ψ is also surjective.
The following from [10] relates the surjectivity of a multiplication map on a variety to the surjectivity of its restriction to a divisor. Lemma 1.3. Let X be a regular variety (i.e. H 1 (O X ) = 0). Let E be a vector bundle and let C be a divisor such that L = O X (C) is globally generated and
The proposition below is a result from [3] . Here µ denotes the slope of a vector bundle.
Proposition 1.4. Let E and F be semistable vector bundles over a curve C of genus g such that E
is generated by its global sections. If (1) µ(F) > 2g, and
The following lemma from [10] is an useful tool for showing normal presentation. 
The following lemma called the Castelnuvo-Mumford lemma (see [28] ) will be used frequently in this article. Lemma 1.7. Let L be a base point free line bundle on a variety X and let F be a coherent sheaf on
If the variety is not regular, we will not be able to use Lemma 1.3 to show the surjection of a multiplication map. To overcome the problem, we have to use the Skoda complex which is defined below. We will use it often to show the projective normality and the normal presentation on an arbitrary variety. ...
and it is just the Koszul resolution of I .
Even though our main theorems deal with the adjunction bundle associated to an ample and globally generated line bundle, in section 4 we deduce some results on three, four and five folds that deal with the pluricanonical series when the canonical bundle is just an ample line bundle. In order to make this transition, we need Fujita's freeness conjecture on three, four and five folds or a slightly stronger version of it (see [7] and [20] ). In particular, we need the following three results. 
Remark 1.12.
1. An obvious corollary of the theorem above is the following: Let X be a smooth three (resp. four) fold and A be an ample divisor on it. Then A.c 2 ≥ 0 (resp. A 2 .c 2 ≥ 0).
Projective Normality for Adjoint Linear Series
All the varieties appearing in this section are smooth. Here we will prove theorems on projective normalty and normal presentation of adjoint linear series associated to a globally generated, ample line bundle. The proofs here are based on the philosophy that a multiplication map surjects on a variety if its restriction surjects on a certain curve. To prove this, we will use the Skoda complex defined in section 1 as the variety we are working on is not necessarily regular.
Lemma 2.1. Let X be a variety of dimension n, n ≥ 3. Let B be an ample and base point free line bundle on X. We further assume h 0 (B) ≥ n + 2. Let X n be X, X n− j be a smooth irreducible (n − j) fold chosen from the complete linear system of |B| X n− j+1 | (which exists by Bertini) for all 1 ≤ j ≤ n − 1. Then the following will hold:
Proof of (i). By adjunction,
Proof of (ii). Thanks to part
We have the following situation (2.1.1):
Here L = K + nB, I is the ideal sheaf of the curve X 1 in X and V is the cokernel of the map
The bottom row is exact by part (i) and the top row is exact by the definition of V.
Let W be the vector space corresponding to the curve X 1 on X that appears on the Skoda complex (see Definition 1.8). Consequently, tensoring the following exact sequence (2.1.2):
by L + B, we get the following exact sequence where
To show the left most vertical map in (2.1.1) surjects, it is enough to prove
The following two claims prove the vanishing.
We have the following short exact sequence:
The long exact sequence of cohomology proves the claim as
Proof: This is obvious from Kodaira vanishing as
Therefore, in order to prove the surjectivity of the middle vertical map in (2.1.1), we only have to prove the the surjection of the following map
already surjects for all 0 ≤ j ≤ n − 2 by part (i). Using Lemma 1.6, it is enough to prove the following inequality:
So, first we have to find an estimate of dim(V).
We tensor the exact sequence (2.1.2) by B and get the following exact sequence:
So, in order to prove the claim, it is enough to show H 0 (ker(g 1 )) = 0 and H 1 (ker(g 1 )) = 0. These two vanishing can be seen from the following four facts whose proofs we omit as they are similar to Claim 1 and Claim 2.
Remark 2.1.1. Since B is ample, h 0 (B) ≥ n+1. In our theorems, we are assuming that h 0 (B) ≥ n+2. Later we will give an example where h 0 (B) = 4 and K + 3B does not satisfy projective normality on a regular three-fold. Lemma 2.2. Let X be a variety of dimenson n, n ≥ 3. Let B be an ample and base point free line bundle on X. We further assume:
− K is nef and effective divisor. Let X n be X, X n− j be sufficiently general smooth irreducible (n − j) fold chosen from the complete linear system of
Then the following will hold:
Proof of (i). Adjunction gives us
Proof of (ii). Let I be the ideal sheaf of X 1 in X and consequently we have W as in Definition 1.8.
We have the following situation (2.2.1) where L = K + (2n − 1)B and V is the cokernel of the map
The bottom row is exact by Kodaira vanishing as H 1 ((K + (2n − 1)B)| X n− j ) = 0, the top row is exact by our construction. We have the following exact sequence:
Tensoring by L + K + B and taking cohomology, as in the proof of Lemma 2.1, we have the following two vanishings:
which is obvious by Kodaira vanishing since we have
= 0 which comes from Kodaira vanishing as well.
The above two vanishings show that the leftmost vertical map in 2.2.1 is surjective.
is surjective by part (i). Consequently, by the application of Lemma 1.6, we just need the following inequality:
As in the proof of Claim 3, Lemma 2.1, we can see
. We have the short exact sequence:
Tensoring this by (2n − 2)B gives:
Consequently, we have the long exact sequence:
. The long exact sequence associated to the following short exact sequence:
which we have, thanks to assumption (b).
Remark 2.2.1. We always have h 0 (K + B) ≥ h 0 (K) + n on any n fold if K + B and B are ample and base point free.
where X n−1 is a smooth irreducible divisor chosen from the complete linear system of B. But the cokernel is a base point free linear subsystem of the complete linear series of (K + B)| X n−1 (on the n − 1 dimensional variety). Note that (K + B)| X n−1 is ample and base point free. If we choose any n − 1 sections from the linear system of (K + B)| X n−1 , they will intersect. Remark 2.2.2. Let X be a variety of dimension n with nef canonical bundle K. Let B be an ample and base point free line bundle such that B + K is globally generated, h 0 (B) ≥ n + 2 and
Otherwise, we have the short exact sequence:
where K is a non zero effective divisor chosen from the linear system of K. From the long exact sequence, we get that
Remark 2.2.3. Let X be a variety of dimension n with nef canonical bundle K and H n−1 (O X ) = 0. Let B be an ample and base point free line bundle on X such that B + K is globally generated and
Proof: Again, we can assume that K is a non zero effective divisor. The long exact sequence associated to the short exact sequence:
(here B is a sufficiently general non zero effective divisor chosen from the linear system of B).
Now we prove our first main result that gives the projective normality of K + nB on a regular n dimensional variety under some assumptions. Theorem 2.3. Let X be a variety of dimension n, n ≥ 3. Let B be an ample and base point free line bundle on X. We further assume:
is nef and effective. Then K + lB is very ample and it embeds X as a projectively normal variety for all l ≥ n.
Proof. We need to prove
Step 1:
Step 2:
Step 3:
. This comes from
Step 1,2 and the Observation 1.2.
So, we only need to prove
Step 4:
surjects for l > n. This comes from CM lemma (Lemma 1.7) once we note that
Step 5:
Hence by CM lemma (Lemma 1.7), we are done.
Step 6:
This comes from
Step 4,5 and the Observation 1.2.
So, we only need to prove
surjects which is our final step.
Step 7: Remark 2.3.1. Let X be a n dimensional variety. Let B be a globally generated, ample line bundle on X. We further assume that B − K is a non-zero effective divisor. If p g (X) ≥ 2 Then h 0 (B) ≥ n + 2. Proof: The long exact sequence associated to the short exact sequence:
shows that the cokernel of the map Now we produce examples to discuss the sharpness of our conditions. In our first example, we construct a regular variety and an ample, globally generated line bundle on it that satisfies all the conditions of Theorem 2.3 except the condition (b) and show that the line bundle does not satisfy the property N 0 .
Example 2.5. Consider a double cover X of P n+1 ramified along an n-fold of degree 2n + 4, n ≥ 3. Let the finite morphism from X to P n+1 be denoted by f . The unique line bundle associated to this cover is O(n + 2).
Clearly B is ample and base point free. 
Since n ≥ 3 we have that
Taking cohomology and tensoring with H 0 (L ⊗k ) we get the following commutative diagram where the horizontal sequences are exact:
Now the left hand vertical map is surjective and hence the middle map surjects iff the right hand vertical map surjects. Tensoring the exact sequence 2.5.3 by L ⊗k−1 and then taking cohomology we have that the following sequence is exact:
Now the last term is 0 by our assumption and hence
) surjects. Hence L has the property N 0 iff L| Y has N 0 and the claim is proved.
We note that since X is regular so is Y and L| Y is an ample and base point free line bundle on Y. So if C is a curve section of L we get by the above claim that L has the property N 0 iff L| C has the property N 0 Now we prove the following claim which concludes the example. Hence for a curve section C ∈ |B| we have that (n + 1)B| C is very ample. We also have that K C = nB| C and hence (n + 1)
where H is a hyperplane section of P n+1 since the map f is 2 : 1. But K C + E cannot be very ample if E is an effective divisor of degree 2.
Now we give an example of a variety and an ample, globally generated line bundle B which does not satisfy the property N 0 , where B − K is neither nef nor effective although the geometric genus of the variety is large (see Corollary 2.4).
Example 2.6. Consider X a cyclic double cover of P n ramified along hypersurface of degree 2r. Denote by f the morphism from X to P n . Let B = f + 2 − r) ). We can see that for r ≥ n + 3, B − K X is not nef. However by making r large enough we can make p g as large as we wish to and in particular make p g ≥ 2. We also have H 1 (B) = 0. We now show that for r ≥ n + 3, K X + nB is not projectively normal. − 2) ). If r ≥ 2 we can clearly see that K + nB is not projectively normal. Hence we can see that the condition B − K X nef and effective is essential in Corollary 2.4.
Normal Presentation for Adjoint Linear Series
Our goal is to prove results concerning the N 1 property of adjunction bundles. Unlike the previous section, first we prove results for regular varieties and then we prove a weaker result for irregular varieties. We prove three technical lemmas to begin with. The proofs are again based on the same philosophy that a multiplication map surjects on a variety if it surjects on a curve section. All the varieties in this section are smooth.
Lemma 3.1. Let X be a regular variety of dimension n, n ≥ 3. Let B be an ample and base point free line bundle on X. We further assume h 0 (B) ≥ n + 2. Let X n be X, X n− j be a smooth irreducible (n − j) fold chosen from the complete linear system of |B| X n− j+1 | (which exists by Bertini) for all 1 ≤ j ≤ n − 1.
Then the map H
Proof. Because of the vanishing 2.1 (i), by the repeated application of Lemma 1.3, it is enough to prove
surjects. To show this using Lemma 1.6, we have to prove the inequality h 1 ((K + (n − 1)B)| X 1 ) ≤ h 0 (B| X 1 ) − 2 which follows directly from our assumption that h 0 (B) ≥ n + 2.
Lemma 3.2. Let X be a regular n fold, n ≥ 3. Let B be an ample and base point free line bundle on X. We further assume: (a) K is nef, K + B is base point free. (b) h
K is nef and effective. Let X n be X, X n− j is sufficiently general smooth irreducible (n − j) fold chosen from the complete linear system of |(K + B)| X n− j+1 | for all 1 ≤ j ≤ n − 1. Then the following will hold:
Proof of (i). Adjunction gives us
We have n−1 ≥ j+1 and n−2 ≤ 2n−4− j for all 0 ≤ j ≤ n−2. Consequently, (2n−4− j)B−( j+1)K is nef as K and B − n − 1 n − 2 K are nef.
Using Kodaira vanishing we conclude H
Proof of (ii). Repeated application of Lemma 1.3 shows that it is enough to prove the lemma for j = n − 1. Hence, we have to prove the surjection of
Application of Lemma 1.6 shows us it is enough to check the following inequality:
We have the short exact sequence:
Tensoring this by (2n − 3)B gives:
. The long exact sequence associated to the following short exact sequence
which comes from assumption (b).
Lemma 3.3. Let X be a regular n fold, n ≥ 3. Let B be an ample and base point free line bundle on X. We further assume: (a) K is nef, K + B is base point free. (b) h
0 (B) ≥ n + 2. (c) h 0 (K + B) ≥ h 0 (K) + n + 1. (d) (n − 2)B − (n − 1
)K is nef and non-zero effective divisor. Let X n be X, X n− j is sufficiently general smooth irreducible (n − j) fold chosen from the complete linear system of |B|
Proof. For simplicity, we only prove the assertion for l = n that is for L = K + nB. We prove this by induction. Before starting the induction, we first prove the following clam.
Claim: In the context of our theorem we have B n ≥ 4. In this case we have that Y is a variety of minimal degree and it is either a smooth quadric hypersurface or a cone over a smooth rational normal scroll or a cone over the veronese embedding of P 2 . Now in all three cases Y is normal. Indeed, the first case is trivial. The second and third case follows from the fact that a cone over a projectively normal embedding is normal. Now f is a finite birational map between normal varieties and is hence an isomorphism. Consequently, the image is a smooth rational normal scroll whose canonical is negative ample.
Proof of the Claim
Case 2: deg( f ) = 1 and deg(Y) = 3 and codim(Y) = 2
In this case again Y is a variety of minimal degree and hence a normal variety and we have that f is an isomorphism which leads to a contradiction as before. Now we start our induction.
where L ′ = K + (n − 1)B. In order to prove (3.3.1), it is enough to prove
To prove this surjection with the help of Observation 1.2, we need to prove the following:
We use CM Lemma (Lemma 1.7) to prove (3.3.2).
We have already proved (3.3.3) in Lemma 3.1.
For simplicity we do some re-indexing to prove (3.3.4) only. We will show that
We have already proved the surjection when j = 0 in Lemma 3.2. So, we assume 1 ≤ j ≤ n − 2. Our obvious choice is to use the CM Lemma (Lemma 1.7) .
is negative nef and (n − 1)K − (n − 2)B is negative of a non-zero effective divisor and consequently
Since we have proved (3.3.1), using Observation 1.2 it is enough to prove
Now we use the vector bundle technique (Lemma 1.5) by taking
We need to show the following: (3.3.5) H 1 (F ⊗ Q * ) = 0 which comes from Lemma 2.1 (i).
surjects which comes from Lemma 3.1. [3] ). We will use Proposition 1.4 to prove this. We need to check the following:
Base Case: We have to prove H
To prove (3.3.8), we have to show (K + nB).B n−1 − 2 ≥ B n + B n−1 (K + (n − 2)B) + 2 which follows since B n ≥ 4.
Showing (3.3.9) is equivalent to proving 2h
These three lemmas will help us proving the normal presentation of adjunction bundles associated to an ample, globally generated line bundle on a regular variety under suitable conditions. Theorem 3.4. Let X be a regular n fold, n ≥ 3. Let B be an ample and base point free line bundle on X. We further assume:
K is nef and non-zero effective divisor. Then K + lB will satisfy the property N 1 for l ≥ n.
Proof. We prove the assertion only for l = n. Let L = K + nB. Since we already know that H 1 (M L ⊗ L) = 0 which comes from the projective normality of L, we only have to prove for all k ≥ 1,
We omit the proof when k ≥ 2 which follows easily from CM Lemma (Lemma 1.7). Here we only prove the key case that is
We use Observation of 1.2, it is enough to prove the following:
We have proved (3.4.2) in Lemma 3.3.
In order to prove (3.4.3), we again use Observation 1.2. Therefore it is enough to prove that
To prove this our obvious choice is to use CM lemma (Lemma 1.7). First, we want to show that H 1 (M L ⊗(K +(l−1)B)) = 0 which is equivalent to showing the surjection of the following:
If l = n + 1 the this has already been proved in Theorem 2.3, Step 7.
If l > n + 1 then in order to show the surjection of 3.4.5, it is enough to prove
surjects for all r ≥ 0. This is Step 1 in Theorem 2.3 with k = 2. Now we will show that
It gives us the long exact sequence:
...
Since the first and the last terms are zero by Kodaira vanishing, hence
We are left to prove (3.4.4). Again we are going to use CM Lemma (Lemma 1.7) . We have to prove the following:
We observe that (3.
This follows from Lemma 2.1 and Theorem 2.3, Step 4.
To prove (3.4.7), we write down the short exact sequence:
Where
The long exact sequence corresponding to it is:
We are left to prove (3.4.8) only. The long exact sequence associated to 3.4.9 corresponding to j = n is gives the required vanishing for the following reasons:
B is negative effective and K − B is negative nef. Now we prove a weaker result for the normal presentation of the adjunction bundle associated to an ample, globally generated line bundle on an irregular variety of dimension n. Here we have to use Skoda complex to restrict ourselves to the multiplication map on the curve section as the variety is not regular. We include only a sketch of the proof as it is very similar to what we have done thus far. (c) h
Proof. As before, we just give the sketch for L = K + nB. We have to prove the vanishing
Again, we just discuss the case when k = 1. It is enough to prove the surjection of
. Let E be a torsion line bundle in Pic 0 (X) which is not n torsion. Such an E exists as Pic 0 (X) is an abelian variety when X is irregular. Observation 1.2 tells us it is enough to check the following three surjection:
To show (3.5.1) we use CM Lemma (Lemma 1.7). We have to prove
When 2 ≤ i ≤ n − 1 this follows easily by multiplying the exact sequence ( * ) by suitable line bundle and then taking the cohomology. When i = n, doing the same thing shows the vanishing once we see that H 0 (nE) = 0. To prove the vanishing for i = 1, we need to show the surjection of
. By Observation 1.2, Lemma 2.1 and Theorem 2.3, Step 4, it is enough to prove the surjection of
. Now, K + B − E is base point free by our assumption. Let C be a curve section of K + B − E. Using Skoda complex (Definition 1.8) and Lemma 1.6, it is enough to check h 1 (((2n
So, the inequality follows thanks to assumption (c). In this section, we will concentrate on the behavior of pluricanonical series. First, we will prove a theorem whose corollaries will give us effective results on three and four folds. We again work on smooth varieties only.
Theorem 4.1. Let X be an n dimensional variety and Let B be an ample, globally generated line bundle on X. Let L be a nef line bundle on X. Moreover, assume:
. Then nB + L will be very ample and it will embed X as a projectively normal variety.
Proof. Let X n be X, X n− j be a smooth irreducible (n − j) fold chosen from the complete linear system of |B| X n− j+1 | by Bertini, for all 1 ≤ j ≤ n − 1. By adjunction, K X n− j = (K + jB)| X n− j for all 0 ≤ j ≤ n − 1. We have to prove
Here we show the key case that is the case when k = 1. We break the proof into a few steps.
We have the following situation (4.1.1) where I is the ideal sheaf of X 1 in X, V is the cokernel of
Therefore the bottom horizontal sequence is exact. Note that the top row is exact as well. Consequently, tensoring the following exact sequence (4. ... 
We need H 1 (ker( f 1 )) = 0.
We have the required vanishing because of the following:
By Lemma 1.6, it is enough to prove the inequality h
which proves the assertion because of our assumption (d).
surjects for all r ≥ n + 1. This comes from CM Lemma (Lemma 1.7).
surjects . This comes from CM Lemma (Lemma 1.7) as well thanks to assumption (a).
Corollary 4.2. Let X be an n dimensional variety, n ≥ 3, with ample canonical sheaf K. We further assume that lK is globally generated for all l ≥ n + 2. Then the following will hold:
)K is very ample and it embeds X as a projectively normal variety.
(ii) If h 0 ((n + 2)K) > n + 1 then (n(n + 2) + 1)K is very ample and it embeds X as a projectively normal variety. (iii) (n(n + 2) + m)K is very ample and it embeds X as a projectively normal variety for all m ≥ 2.
Proof of (i), (ii).
This follows directly from Theorem 4.1 with B = (n + 2)K and L = 0, K respectively.
Proof of (iii).
Let s = n + 2. The proof is entirely based on CM Lemma (Lemma 1.7). We give an outline here. We divide the proof into a few steps.
This comes from CM Lemma (Lemma 1.7).
Step 2: The above two steps shows the surjectivity of
Now we combine our results with the base point freeness theorems on three and four folds (see [7] and [20] ). In particular, we will use Theorems 1.9, 1.11 and Corollary 1.10. Proof. Suppose that L = nK. We note that the cases n = 3l + 1 with l ≥ 4 normal presentation of nK directly follows from Riemann-Roch and Theorem 3.4 for regular threefolds and 3.5 for irregular threefolds using B = lK respectively. While using Theorem 3.5 we need to check the conditions. We only check the conditions (a) and (c) below. L ⊗ L ⊗k ) = 0 since we have already shown projective normality for nK for n ≥ 13. We only show the case k = 1 since for k ≥ 2 the proof follows from CM Lemma (Lemma 1.7) . We have the following exact sequence
Taking cohomology we have the following
To do this it is enough to show (by Lemma 1.7) the following:
with n ≥ 14 (the case when L = 13K has already been taken care of). By tensoring the exact sequence
by L−8K and L−12K respectively and using Kodaira vanishing theorem we can see that (ii) and (iii) follow immediately. Now we note that to show (i) we need to to show that 
is surjective for L = nK and n ≥ 19. We need to check separately from 14 ≤ n ≤ 18.
Case n=14. We need to show the surjectivity of The algorithmic nature of the proof shows that we have actually proved the surjectivity of the map
). Since L = nK where n ≥ 14, to complete the proof we just need to prove the surjection of
where l ≥ 2 and p ≤ 7. Moreover if n ≥ 16 we have that l ≥ 3. So for n ≥ 16, using Lemma 1.7 we see that it is enough to prove the surjection of To finish the proof we need to handle the two following cases separately.
L=14K. We need to show the surjection of H
. By lemma 1.7 we notice that it is enough to show the surjection of H 0 (16K)⊗ H 0 (14K) → H 0 (30K) which is clear by the same lemma. Proof. We use the same argument as in Corollary 4.5, but now using the fact that 6K is globally generated (see Theorem 1.11). Proof. We know that nK is globally generated for n ≥ 7 (see [35] ). Let K be a smooth divisor chosen from the linear system of |K|. The corollary follows once we note that h 0 (7K) − h 0 (6K) = h 0 ((7K)| K ) and apply Riemann-Roch on K to verify conditions (i) and (ii) of Corollary 4.2. Normal Presentation follows from the similar arguments used before.
L=15K. We need to show the surjection of H
0 (M L ⊗ (L + 8K)) ⊗ H 0 (7K) → H 0 (M L ⊗ (L + 15K)
Appendix
Here we list some remarks. The first one modifies the ampleness of the base point free line bundle we used to prove projective normality in sections 2 and 3. The second and third remark discuss the case when the variety is singular.
Remark 5.1. We first note that in all the theorems 2.3, 3.4, 3.5 the criterion of the line bundle B being ample and base point free can be weakened to B being base point free, big and dim f (X) = n where n is the dimension of the variety. This is because we used the ample and base point freeness of B to find a smooth and irreducible member of the complete series |B|, in applying the Kodaira vanishing theorem and to say that h 0 (B) ≥ n + 1. However the later conditions also ensure all the three (see [17] , III Ex: 11.3) with Kodaira vanishing theorem replaced by the Kawamata-Viehwag vanishing theorem.
Remark 5.2. Now we note that the fact that the Theorems 2.3, 3.4, 3.5 and 4.1 goes through for X normal, Cohen-Macaulay with Du Bois singularities. The precise reasons for which we require smoothness are the following: We require smooth hyperplane sections of the ample and base point free line bundle B. The smoothness is used to justify Kodaira Vanishing (both on the general member of |B| and on X) and to apply Green's result (Lemma 1.6) on the smooth curve section. We observe that since X is Cohen-Macaulay and B is cartier, the general member of |B| is CohenMacaulay as well. Also since X is nonsingular in codimension 1 and |B| is base point free, a general member of |B| is smooth outside the singular locus of X (by Bertini's theorem) and is hence nonsingular in codimension 1. The above two observations show that the general member is normal. Now the general hyperplane section of |B| also has Du Bois singularities (see [24] , Proposition 6.20). We also have (see [24] , Theorem 10.42) that for a projective, Cohen-Macaulay variety with Du Bois singularities we have the Kodaira Vanishing theorem for an ample line bundle. Now the complete intersection surface that we get is a normal surface and hence singularities are isolated. So Bertini's Theorem gives us a smooth curve section and we can apply Lemma 1.6. Now Kollár and Kovács proves that log canonical singularities are Du Bois (See [25] ) and hence by Remark 5.2, we have that the results mentioned in Remark 5.2 goes through for log canonical singularities and hence in particular for Q-factorial terminal Gorenstein and Canonical Gorenstein singularities. Oguiso-Peternell's generalization of Ein-Lazarsfeld's result on Fujita conjecture combined with Theorem 3.4, Theorem 3.5 and Theorem 4.1 gives the following. 
